On m-th root metrics with special curvature properties by Tayebi, Akbar & Najafi, Behzad
ar
X
iv
:1
70
6.
07
82
7v
1 
 [m
ath
.D
G]
  2
3 J
un
 20
17
On m-th root Finsler metrics with special curvature
properties
A. Tayebi and B. Najafi
September 27, 2018
Abstract
In this Note, we prove that every m-th root Finsler metric with isotropic Landsberg
curvature reduces to a Landsberg metric. Then, we show that every m-th root metric with
almost vanishing H-curvature has vanishing H-curvature.1
1 Introduction
Let M be an n-dimensional C∞ manifold. Denote by TM = ∪x∈MTxM the tangent space of M .
Let TM0 = TM \ {0}. Let F = m
√
A be a Finsler metric on M , where A is given by
A := ai1...im(x)y
i1yi2 . . . yim (1 .1)
with ai1...im symmetric in all its indices [2]. Then F is called an m-th root Finsler metric. Let
F be an m-th root Finsler metric on an open subset U ⊂ Rn. Put
Ai =
∂A
∂yi
, Aij =
∂2A
∂yi∂yj
, Axk =
∂A
∂xk
, A0 = Axky
k, A0j = Axkyjy
k.
Suppose that (Aij) is a positive definite tensor and (A
ij) denotes its inverse. Then the following
hold
gij =
A
2
m
−2
m2
[mAAij + (2−m)AiAj], gij = A− 2m [mAAij + m− 2
m− 1y
iyj], (1 .2)
yiAi = mA, y
iAij = (m− 1)Aj, yi = 1
m
A
2
m
−1Ai, A
ijAi =
1
m− 1y
j, AiAjA
ij =
m
m− 1A.(1 .3)
Let (M,F ) be a Finsler manifold. The second derivatives of 1
2
F 2x at y ∈ TxM0 is an inner product
gy on TxM . The third order derivatives of
1
2
F 2x at y ∈ TxM0 is a symmetric trilinear forms Cy
on TxM . We call gy and Cy the fundamental form and the Cartan torsion, respectively. The
rate of change of the Cartan torsion along geodesics is the Landsberg curvature Ly on TxM for
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any y ∈ TxM0. F is said to be Landsbergian if L = 0. The quotient L/C is regarded as the
relative rate of change of Cartan torsion C along Finslerian geodesics. Then F is said to be
isotropic Landsberg metric if L = cFC, where c = c(x) is a scalar function onM . In this paper,
we prove the following.
Theorem 1. Let (M,F ) be an n-dimensional m-th root Finsler manifold. Suppose that F is a
non-Riemannian isotropic Landsberg metric. Then F reduces to a Landsberg metric.
Let F be a Finsler metric on a manifold M . The geodesics of F are characterized locally
by the equations d
2xi
dt2
+ 2Gi(x, dx
dt
) = 0, where Gi = 1
4
gik
{
2
∂gpk
∂xq
− ∂gpq
∂xk
}
ypyq are coefficients of
the spray associated with F . A Finsler metric F is called a Berwald metric if Gi = 1
2
Γijk(x)y
jyk
are quadratic in y ∈ TxM for any x ∈ M . Taking a trace of Berwald curvature gives rise the
mean Berwald curvature E. In [1], Akbar-Zadeh introduces the non-Riemannian quantity H
which is obtained from the mean Berwald curvature by the covariant horizontal differentiation
along geodesics. He proves that for a Finsler manifold of scalar flag curvature K with dimension
n ≥ 3, K = constant if and only if H = 0. It is remarkable that, the Riemann curvature
Ry = R
i
kdx
k ⊗ ∂
∂xi
|x : TxM → TxM is a family of linear maps on tangent spaces, defined by
Rik = 2
∂Gi
∂xk
− yj ∂
2Gi
∂xj∂yk
+ 2Gj
∂2Gi
∂yj∂yk
− ∂G
i
∂yj
∂Gj
∂yk
.
A Finsler metric F is said to be of scalar curvature if there is a scalar function K = K(x, y)
such that Rik = K(x, y)F
2hik. If K = constant, then F is called of constant flag curvature.
A Finsler metric is called of isotropic H-curvature if Hij =
n+1
2F
θhij , for some 1-form θ on M ,
where hij is the angular metric. It is remarkable that in [5], Z. Shen with the authors prove that
every Finsler metric of scalar flag curvature K and of isotropic H-curvature has almost isotropic
flag curvature, i.e., the flag curvature is in the form K = 3θ
F
+ σ, for some scalar function σ on
M .
Theorem 2. Let (M,F ) be an n-dimensional m-th root manifold with n ≥ 2. Suppose that F
has isotropic H-curvature. Then H = 0.
2 Proof of the Main Theorems
Lemma 1. ([6]) Let F be an m-th root Finsler metric on an open subset U ⊂ Rn. Then the
spray coefficients of F are given by
Gi =
1
2
(A0j − Axj)Aij . (2 .4)
Proof of Theorem 1: Let F = m
√
A be an m-th root isotropic Landsberg metric, i.e., Lijk =
cFCijk, where c = c(x) is a scalar function on M . The Cartan tensor of F is given by the
following
Cijk =
1
m
A
2
m
−3
[
A2Aijk+(
2
m
−1)( 2
m
−2)AiAjAk+( 2
m
−1)A{AiAjk+AjAki+AkAij}
]
. (2 .5)
2
Since Lijk = −12ysGsyiyjyk , then we have Lijk = − 12mA
2
m
−1AsG
s
yiyjyk
. Therefore, we have
AsG
s
yiyjyk = −2cA
1
m
−2
[
A2Aijk+(
2
m
−1)
{
(
2
m
−2)AiAjAk+A{AiAjk+AjAki+AkAij}
}]
. (2 .6)
By Lemma 1, the left hand side of (2 .6) is a rational function in y, while its right hand side is
an irrational function in y. Thus, c = 0 or A satisfies the following PDEs
A2Aijk + (
2
m
− 1)( 2
m
− 2)AiAjAk + ( 2
m
− 1)A{AiAjk + AjAki + AkAij} = 0 (2 .7)
Plugging (2 .7) into (2 .5) implies that Cijk = 0. Hence, by Deicke’s theorem, F is Riemannain
metric, which contradicts our assumption. Therefore, c = 0. This completes the proof.
Proof of Theorem 2: Let F = m
√
A be of isotropic H-curvature, i.e.,
Hij =
n+ 1
2F
θhij , (2 .8)
where θ is a 1-form on M . The angular metric hij = gij − F 2yiyj is given by the following
hij =
1
m2
[mAAij + (1−m)AiAj]A 2m−2. (2 .9)
Plugging (2 .9) into (2 .8), we get
Hij =
(n + 1)θ
2m2
[mAAij + (1−m)AiAj ]A 1m−2. (2 .10)
By (2 .4), one can see that Hij is rational with respect to y. Thus, (2 .10) implies that θ = 0 or
mAAij + (1−m)AiAj = 0. (2 .11)
By (2 .9) and (2 .11), we conclude that hij = 0, which is impossible. Hence θ = 0 and then
Hij = 0.
By Schur Lemma, Theorem 2 and Theorem 1.1 of [5], we have the following.
Corollary 1. Let (M,F n) be an n-dimensional m-th root Finsler manifold of scalar flag curva-
ture K with n ≥ 3. Suppose that the flag curvature is given by K = 3θ
F
+ σ, where θ is a 1-form
and σ = σ(x) is a scalar function on M. Then K = 0.
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